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Synopsis

Mode-locked soliton lasers and noise
The statistical steady state

Fluctuations in the steady state
|. Pulse-continuum interactions
2. Gain fluctuations
3. Slow modes of pulse dynamics

4. Pulse parameter equations of motion

Autocorrelation and diffusion of pulse parameters
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® Ultrashort light pulses <1ps = high intensity, broad bandwidth
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\0 Ultrashort light pulses <1ps =» high intensity, broad bandwidth

® Dominant dispersive effects:
® Chromatic dispersion (“anomalous’) — linear

® Kerr effect — nonlinear
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® Pulse shaping effects:

® Overall gain & gain filtering — linear

® “Saturable absorption’: Intensity-bleached absorbing
element — nonlinear

® Relatively weak: proportional to (1)< 1



Mode-locked soliton lasers
[Haus ‘75]
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® “Master” equation of motion for the field envelope (¥)

, 1
(e = G+.) (32%0-+ o) 59

// \
dispersive effects pulse shaping overall net gain (<0)

(non-dimensionalized)
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e Soliton-like pulse: [1,1)5 (t,z) = asech (= ( =Cly, lcwza
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® Master equation of motion for the field envelope ()

oup <+ 1) ;59 + 102w ) +5v

® Soliton-like pulse: [1,1)5 (t,z) = asech(= ( )) lq’“@

® Parameters: g = ;P C {c} f@dz
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® Master equation of motion for the field envelope ¢

A, = <z+u)< oY + ||y )+g¢

® Pulse parameters:

° Power@ = /%}& frequency fixed
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Mode-locked soliton lasers

Pump

dispersive med:um

\ Outp ut
saturable absorber

® Master equation of motion for the field envelope ¢

o, = <z+u)< oY + |7y )+g¢

® Pulse parameter5°

o Dower w/8|g & frequency O fixed
\ Pulse s1ap|ng. Singular perturbation

® Timing(c)and phase()free — exact symmetries



Mode-locked soliton lasers
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® Master equation of motion for the field envelope ¢

o, = <z+u)< oY + |7y )+g¢

® |deal output: Periodic pulse train

Output
intensity | B A ! A ! a

Time



Noise and fluctuations

Amplification & noise ]
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® Noisy master equation:

, 1
0-p = (1010 (3309 + WPy ) + el |
e <1

® \Weak Gaussian white noise
(€l (z1,t1)el™ (zp,t2)) = Lo(z1 —20)0(t1 — o)

Noise power
injection rate

"




Noise and fluctuations
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® Noisy master equation:

, 1
0-p = (1010 (3309 + WPy ) + el |
i i ‘ e <1

® \Weak Gaussian white noise

\ (€T (21,11 )eT* (2o, t)) = Z@L(S(zl —20)8(t — ty)

® \Waveform is perturbed Noise power

¥ = ¢s(t,2) +O(e) | nlection rae
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® Perturbed waveform: ¥ = 1s(t,z) + O(e
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® Perturbed waveform: ¥ = 1s(t,z) + O(e

Ordered pulse N0|sy
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Statistical light-mode dynamics

[ Ampllf‘catlon & noise

Output
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background background

® Perturbed waveform: ¥ = 1s(t,z) + O(e

Ordered pulse N0|sy
\ |. Pulse fluctuations waveform  waveform

2. Low-intensity quasi-cw background

[ Mode phasors ]
pulse R SARRNANTIYYY

fluctuations

v

Output
intensity

quasi-cw
background

Time



Statistical light-mode dynamics
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® Pulse waveform o5 + €11:Strong & narrow
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¢ Continuum waveform ey.: Weak & wide
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Statistical light-mode dynamics

[ Ampllfcatlon & noise
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background background

® Pulse waveform o5 + €11:Strong & narrow

v

¢ Continuum waveform ey.: Weak & wide

(® Pulse power ~ Continuum power ~ total power )
[ Mode phasors ]
vttt Tt Tt tanasy

Output 4
intensity .
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background
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Statistical light-mode dynamics

[ Ampllfcatlon & noise

Output
. -
quaS| W quasi-cw
background background

¢ Pulse waveform—is—e¢/-Strong & narrow_
\ Continuum waveform e1.: Weak & wide

\M~ Continuum power ~ total power )

® For strong noise, disordering first order transition to cw phase

Mode phasors
Output wf "; ’// \’ = ,!

intensi

ity
—WM—Time




SLD: The gain balance method
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SLD: The gain balance method

[ Ampllf‘catlon & noise

Output
I I quasi-cw quasi-cw
background background

® Pulse waveform s=t=e#1:Strong & narrow = Neglect noise

¢ Continuum waveform ey.: Weak & wide = Neglect nonlinearity

® Pulse power P + continuum power = total power P



Output
I I quasi-cw quasi-cw
background background

SLD: The gain balance method

[ Ampllf'catlon & noise

Pulse waveform ¢s==e#1:Strong & narrow = Neglect noise
¢ Continuum waveform ey.: Weak & wide = Neglect nonlinearity

® Pulse powe + continuum power = total power
P P P

TNet gain T

[:o

Common gain value determines the power distribution between
pulse & continuum




SLD: The gain balance method

L 76 Continuum gain
® Steady state power distribution

[7)_2(1+\/1—ﬂﬂ)J

® Thermodynamic limit L > 1

—} 02 04 06 08

Pulse
gain

3~

® Mode locking is possible only if a consistent power distribution
between pulse & continuum exists




Pulse fluctuations

Noise >
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® Noise causes jitter in pulse parametrs

® Power(P)& frequency(V) fluctuate
 Timing(c)and phase (¢)diffuse




Pulse fluctuations
[Haus, & Mecozzi ‘93]
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® Question: What are the statistical properties of the fluctuations?
® Practical implications:
® Performance of pulse sources

® Precision of frequency-comb metrology



SLD beyond thermodynamics

® |dea: Decompose wave form in 3 parts

strong & narrow  weak & wide

p
P(t,z) “ = tzA etpctz) +

fluctuatlng waveform, soliton-like pulse with Imear continuum,
power = fluctuating parameter power ~ P — P( )

c(z), ¢(2), P(z), V(z)

weak & narrow

eYP1(t,z)

~

\_

A

overlap waveform

power < 1

J




SLD beyond thermodynamics

® |dea: Decompose wave form in 3 parts

strong & narrow  weak & wide weak & narrow
(" )
P(t,z) = s(t,2) quC (t,z) + | ePi(t,z)
fluctuatlng waveform, soliton-like pulse with Imear continuum, overlap waveform
power = fluctuating parameter power ~ P — P( ) power < 1

(2), 9(2), P(z), V(=

® Negligible in steady-state

® |Important for fluctuations

® Main goal: Calculate statistics of pulse paramaters



SLD beyond thermodynamics
+ (t,2)

p(t,z) | = lle(t,Z)A +  eye(t 2) 1
Mg y &
c(z), ¢(2), P(z), V(z) >

® New qualitative effects:

|. Oscillations in power & frequency correlation functions

2. Enhancement of phase diffusion rate



1. The perturbation equation

W(t,z) tzA egbctz +  epy(t, z)
.

® |et P/‘—I— \fp f c;@( z), ¢ — = ([)(Z)

steady-state pulse power fluctuations small parameter




1. The perturbation equation

W(t,z) — tzA quCtz +  epy(t, z)
R

* Let P=Py+ 7p(2) :TUC;@()(,H ()

steady-state pulse power fluctuations small parameter

® Linearized master equation for (¥

angl T \/Lﬁ@ vxl,bs = LYy — i%\/ﬁv(z)af%s

parameter set gain fluctuations

® Nonlinearity-generated forcing by overlap of ¥s & V.



2. Gain fluctuations

ws(t,2)||  +  epe(t,z) + et z)

¢(t,2)

g JA‘*

® Double role of net gain in the steady state:

|. Determines the pulse & continuum power[go = —%P(D
Gain balance

2. Determined by the overall power @o = g(PD

Gain saturation




2. Gain fluctuations
P(t,z) || = lPs(f,Z)A + epe(t,z) + ePi(tz)

g JA‘

® Double role of net gain in the steady state:

|. Determines the pulse & continuum power| g0 = — 5D

Gain balance

2. Determined by the overall power (30 = g(P)

Gain saturation

® Gain fluctuations ¢ = g0 +(€41) arise from
|. Random shuffle of power between pulse and continuum

2. Fluctuations of overall power



2. Gain fluctuations

ptz) || = llfs(t,Z)A + epe(t,z) + et z)
iyt e N yR

® Double role of net gain in the steady state:

|. Determines the pulse & continuum power| g0 = — 5D
Gain balance

2. Determined by the overall power (30 = g(P)

Gain saturation

® Gain fluctuations ¢ = g0 +(€41) arise from

|. Random shuffle of power between pulse and continuum

2. _Fluctoations-of-overa == Assume deep saturation




2. Gain fluctuations

W(t,z) = tZA €1Pth +  ep(t, z)
R

® Gain fluctuations ¢ = Qo +‘ arlse from

|. Random shuffle of power between pulse and continuum

2. F ; === Assume deep saturation

® Linearized master equation for 1

O+ Jp0aT - Vitps = L — i /F0(2)21ps +@s + f



2. Gain fluctuations

W(t,z) = tZA €1Pth +  ep(t, z)
R

® Gain fluctuations ¢ = Qo +‘ arlse from

|. Random shuffle of power between pulse and continuum

2. F ; === Assume deep saturation

® Linearized master equation for 1
leJ1 + \%a X - vxl,bs — Llljl — i%f@ )at¢s s ‘|‘f

Fluctuation conserve overall power

@173 = —\/;PO p — del/J§ (I‘+ L(y. —|-7,b1))j




3. The slow modes

p(tz) | = (b2 + epeltz) + epiltz)

g JA*

® Perturbation equation including gain fluctuations:

thpl —+ \/Lﬁazf : vxll)s :/Cl}l)l — i%\/ﬁU(Z)athS ﬁ)

Linear operator including Forcing including
rank-1 gain fluctuations term gain fluctuations




3. The slow modes

W(t,z) = tZA €1Pth +  ep(t, z)
R

Perturbation equation including gain fluctuations:

dz 1 + \}8 X Vs —/@/)1 - zz\fv( )aﬂpsﬁ)

Linear operator including Forcing including
rank-1 gain fluctuations term gain fluctuations

® Remaining arbltrarlness A slight shift in X can be

absorbed in V1, (lle + ey = Pg (X + (5155) +e(p1 + 5TllJ1D




3. The slow modes
P(t,z) || = lPs(f,Z)A + eye(tz) + et z)

g JA‘

® Perturbation equation including gain fluctuations:
;1 + \}a X Viths = Ll[)l - 12\/‘0( )atgbs —/I-'f

Linear operator including Forcing including
rank-1 gain fluctuations term gain fluctuations

® Remaining arbitrariness: A slight shift in X can be

absorbed in ¥, [ s(X) + ey = s (X + 5;‘6) +e(P1 + 5Ttln)

® Q:How to define the pulse parameters!?

® A:Let ¢1 lie outside 4-dimensional slow eigen-space of L



3. The slow modes

p(tz) | = (b2 + epeltz) + epiltz)

g JA*

® Perturbation equation including gain fluctuations:
0211 + %ﬁaZf' Vaps =(Lip1 — i%\/ﬁv(z)atﬁbs +f

® Recall: linearized NLS has 4-d zero eigen-space:

» timing, phase:
l annihilated by [\ g

frequency, power:

annihilated by 3 ¢



3. The slow modes

ptz) | = llfs(t,Z)A + epe(t,z) + et z)
iyt e N yR

® Perturbation equation including gain fluctuations:
0211 + \/Lﬁazf’ Vaps =(Lip1 — i%\/ﬁv(z)at"bs +f

® Recall: linearized NLS has 4-d zero eigen-space:

» timing, phase: . » timing, phase:
l annihilated by [\ g ?‘u% annihilated by L
frequency, power: v O(11) eigenfunctions of L
annihilated by 3 ¢

® Degeneracy is half-lifted by L = Lyis+ O(p)



4. Pulse parameter dynamics

ptz) | = llfs(t,Z)A + epe(t,z) + et z)
iyt e N yR

® Perturbation equation:

;1 + %ﬁazf. Vs :@/)1 — i%\/ﬁv(z)atq)s +f

® where: Y1 lies outside 4-dimensional slow eigen-space of L.

Where qi, - - -, q4 are slow left [ eigenfunctions



4. Pulse parameter dynamics

p(tz) | = ¢s(tz)]| + epe(tz) + epiltz)
iyt e N yR

® Perturbation equation:

® where: Y1 lies outside 4-dimensional slow eigen-space of L.

Where q1,...,q4 are slow left [ eigenfunctions

r N
® (g,,-) projection of the perturbation equation yields

(linear combination of) parameter equations of motion
G _/




4. Pulse parameter dynamics

p(tz) | = (b2 + epeltz) + epiltz)

g JA*

° projection of the perturbation equation yields
(linear combination of) parameter equations of motion:

(- p3 )
Power dzp = —UzpP — VIfp
Phase az(P — \/ﬁfgb
Frequency: 0,0 = —‘u%gv — \/ﬁfv
Timingg  dyc= 4 VHife

\ t

Restoring  Random
terms forcing



4. Pulse parameter dynamics

p(tz) | = (b2 + epeltz) + epiltz)

g JA*

° projection of the perturbation equation yields
(linear combination of) parameter equations of motion:

4 P3 )
Power azp — —‘uﬁp — \/ﬁfp(\
Phase d,p = \/ﬁfgb ——— Bounded fluctuations
2
Frequency: 0,0 = _‘ul%ov _ \/ﬁfv e
Timing: d,C = () \/ﬁfc
_ |

Restoring  Random
terms forcing



4. Pulse parameter dynamics

ptz) | = llfs(t,Z)A + epe(t,z) + et z)
iyt e N yR

° projection of the perturbation equation yields
(linear combination of) parameter equations of motion:

4 Pg, ™\
Power sz = —UgpP — \/ffp(\
Phase az(P — \/—f(P " Bounded fluctuations
B ™
Frequency: 0,0 = ffv
Timing: 0, = A Vilfe < Diffusion
N T J
Restoring  Random
terms forcing
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® Pulse frequency: (v 0]) = o
0

Parameter
fluctuationsj

|

+ 7t [dkk? I (T))

Direct term:
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Results: Autocorrelation

® Pulse frequency:

Parameter
fluctuationSJ

Direct term: .
exponential ~Continuum term:
damping Damped oscillations

k241

2 HPg (k> +1) P2(K241
__ sech (7Tk/2)e— 7 kd COS( 5 ( 8+ )T)




Results: Autocorrelation

® Pulse frequency:

ﬂ Direct term: .
exponential ~ Continuum term:
damping Damped oscillations
Parameter
fluctuationSJ k sech?(1k/2) WP2(k2+1) P2 024 1)
Ik (T) = 2 ¢ 8 Tl cos( =2 e T)

L l
® Pulse power: <pt_|_7p;k> — % ( AP 7] -+ g fdklk(’l'))

Continuum
enhancement factor



Results: Autocorrelation

T
® Pulse frequency: (vi1v;) = P_+
S 0

_ Direct term:

_ damping

P2 Continuum term:

1€ Damped oscillations

20 40 60 80 T ;
uP
® Pulse power: (prerp;) = %(_4797' + 7 [ dkLi(T))

Continuum
enhancement factor



Results: Autocorrelation

Theory

Numerics

Alternative
barameter
definition

20 40 60 80 7 3 50 100 150 200 ¢
. 2T — 9
® Pulse power: (Prerp;) = P—O(one 7 [T+ T [ dkI (7))

® [Menyuk & al] oscillations generated by gain dynamics: Here suppressed
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® Pulse power: (Prerp;) = P—O(one 7 [T+ T [ dkI (7))

® [Menyuk & al] oscillations generated by gain dynamics: Here suppressed



Results: Autocorrelation

T

p2
® Pulse frequency: (v; ,0}) = P—(B_VTOM + 7 [dkk* (7))
0
. 2T P _mR T
® Pulse power: (DisrP;) = D, (Poe 7Tl 5 /dklk(r))

® Continuum interaction:

Ik(T) _ SeC}fZ(ff/z)ek2+l)|Tl COSkZ 4+ 1)T)

Pulse Nonlinear
shaping rate phase shift




Results: Autocorrelation

p2
Pulse frequency: (v 0f) = on(eyé)fl + 7 [dkk* (7))
. 2T P _mR T
Pulse power: (DisrP;) = D, (Poe 7Tl 5 /dklk(r))

Continuum interaction:

2
Ik(T) _ Sec};{Z(ff/Z)ek2+l)|T| COS (@ k2 + 1)T)

Pulse Nonlinear
shaping rate phase shift
—

Compare with pulse-generated \
continuum: Kelly sidebands




Results: Diffusion

Parameter equations

dzp = —ﬂgp — /Hfp
(02 = Vifo)

zv—_ﬂgv_\/_fv
(92¢ = Vife )




Results: Diffusion

Parameter equations Pulse timing & phase
p3
dzp = _Vﬁp_\/ﬁfv C=c deZ
0. =
(0z¢ > VIS, O = 1Vt+ i [(PP+V?)dz
P 1 8
d;0 = U U — \/ﬁfv
(020 = VEfe Dipect

diffusion



Results: Diffusion

Parameter equations Pulse timing & phase
p3
gzp: —HgpP — I C=cy [Viz
2P = > VIS, D = ¢ th+lf(P2+V2)dz
P 1 8
ZU__V?U_\'/ﬁfU - Y
@ C = \/ﬁfc} Direct Frequency- & power-

diffusion fluctuations driven diffusion



Results: Diffusion

Parameter equations Pulse timing & phase

p3
gzP:_Vﬁp_\/ﬁfP C:C—deZ
2P = 2 Vi = fVE+ 3 [(P24V?)dz
0.0 = —pgv— \Jify I e SPu—
0z = Vife s iffusion  fluctuations driven diffusion

® Driven diffusion » Direct diffusion

® Damped-term driven diffusion » Oscillatory-term driven



Results: Diffusion

Parameter equations Pulse timing & phase

p3
gzP:—ﬂﬁP—\/ﬁf;ﬂ C=c+ [Vdz
2P = 2 Vi = fVE+ 3 [(P24V?)dz
0.0 = —pgv— \Jify I e SPu—
0 = Vife s iffusion  fluctuations driven diffusion

® Driven diffusion » Direct diffusion

\0 Damped-term driven diffusion » Oscillatory-term driven

® Timing jitter (C(z)?) =122 = Haus-Mecozzi jitter
0

® Phase jitter (®(z)?) = TP—7§2Z enhanced by
"X Diffusion

constants
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Summary & conclusions

® |aser noise has dual effect
|. Steady-state linear continuum

2. Pulse fluctuations

® Fluctuations in the statistical steady state:
3-part decomposition of the light waveform

® Arbitrariness in pulse parameter values:
removed by slow-modes projection

® Autocorrelation oscillations caused by
continuum-pulse interaction (cf. Kelly sidebands)

® Restoring terms suppressed by continuum:
enhanced phase jitter



Outlook
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2. Pulse fluctuations
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® [aser noise has triple effect
|. Steady-state linear continuum
2. Pulse fluctuations

3. Pulse interactions

Thank you!



